In this paper, by using the quadrature method, we show how changes in the sign of f lead to multiple positive solutions for the semipositone Neumann problems
Introduction
In this paper, we are concerned with the existence of multiple positive solutions for the semipositone problem -u (x) = λf u(x) , x ∈ (, ), (.)
where λ >  is a parameter, f () <  (semipositone). Semipositone problems arise in many different areas of applied mathematics and physics, such as the buckling of mechanical systems, the design of suspension bridges, chemical reactions, and population models with harvesting effort; see [-] .
The study of semipositone problems was formally introduced by Castro and Shivaji in [] . In general, studying positive solutions for semipositone problems is more difficult than that for positone problems. The difficulty is due to the fact that in the semipositone case, solutions have to live in regions where the nonlinear term is negative as well as positive. Due to its importance, one-dimensional semipositone problems have been widely studied by many authors; see [-] and the references within. For higher-dimensional results of semipositone problems, see [-] .
However, the study of positive solutions for the semipositone Neumann problems (.)-(.) is relatively rare; see Miciano and Shivaji in [] , by using the quadrature method (time map method), they obtained the following result when f has the only unique positive zero. Motivated by the above papers [, ], this paper is devoted to studying how changes in the sign of f lead to multiple positive solutions of (.)-(.). We consider the following assumptions:
denotes the integer part of x ∈ R. We prove the following result.
) be nonempty. Then for each λ ∈ S k , (.)-(.) has at least two nonconstant positive solutions and k +  constant positive solutions.
Remark . Note that Theorem . is Theorem A in the special case n = . It is worthy to point out that in our study problem (.)-(.) admits n positive zeros, it may have some interest to investigate positive solutions.
In addition, Hung in [] studied the exact multiplicity of positive solutions of (.) with Dirichlet boundary conditions when f satisfies (f) and the following hypotheses:
(H) f is concave-convex on (, ∞), i.e. f has a unique positive inflection point η such that 
Remark . Let us consider the function
Obviously f satisfies all of the conditions in Theorem . if we take
The rest of the paper is arranged as follows: in Section , we state and prove several preliminary results related the use of quadrature method. Finally in Section , we prove the main results of this paper.
Preliminary results

Lemma . ([]) If u(x) is a solution of (.)-(.), then u( -x) is also a solution of (.)-(.).
Lemma . ([]) Any zero of f is a solution of (.)-(.).
For each k ∈ {, , . . . , [
We now apply the quadrature technique to (.)-(.) when f has n positive zeros. Multiplying (.) by u (x) and integrating, we obtain
where C is a constant. Applying the boundary conditions and the assumption that
and applying the boundary conditions, we have
In fact, the following result is true.
Proof The proof of Theorem . is the similar argument to that in Miciano and Shivaji [] and Miciano [] with obvious changes, so we omit it.
Proofs of main results
In the section, we shall use the preliminary results in the previous section to prove Theorems .-..
Proof of Theorem
and
where
Since the only possible bifurcation points on the curve of solution (λ, β  ) are
. From the definition of f  , we know that f  (β  ) = f (β  ) and F  (β  ) = F(β  ). One deduces from the hypothesis
). Consequently, from Theorem ., Lemma ., and Lemma ., the problem (.)-(.) with k =  has three distinct positive solutions as λ ∈ S  .
Next, we prove that, for each k ∈ {, . . . , [
Without loss of generality, we consider k = , and
and so
Thus, from (.), it follows that
Also, we see that
Then from (.) and (.), it follows that
Thus (.) holds as k = . On the other hand, it is easy to verify that
where Z  (s) is defined as
Furthermore,
and lim
Hence (.) and (.) imply that
Also from (.), we have
and as α  → β - , using (.), we obtain
Then from (.) and (.), we get
.
Thus (.) holds as k = . By a similar argument to the case k =  with obvious changes, we can deduce that, for each k ∈ {, . . . , [ , m = , , . . . , by (.), it follows that
From the definition of f k , we know that f k (β k+ ) = f (β k+ ) and F k (β k+ ) = F(β k+ ). One deduces from our hypothesis
). Consequently, by Lemma ., f k has k +  positive zeros such that (.)-(.) has k +  positive solutions, moreover, by Theorem . and Lemma ., for λ ∈ S k , u(x) and u( -x) are two other positive solutions for (.)-(.).
The proof of Theorem . is now complete. 
Before proving Theorem ., we now show some preliminary results. Given
, by a similar argument to (.) with obvious changes, we have
Next, we give an important result.
Theorem . Let f satisfy all hypotheses of Theorem
and u() = α, u() = γ . Moreover, it is easy to see that G(α) is a continuous and differentiable function in [, β * ]. Now put
where ,
